A Proposed Scale-Dependent Cosmology for the Inhomogeneous Cosmology by Kim, Chung Wook & Song, JeongHyeon
ar
X
iv
:h
ep
-p
h/
95
05
25
8v
1 
 8
 M
ay
 1
99
5
JHU-TIPAC 95016
A Proposed Scale-Dependent Cosmology
for the Inhomogeneous Universe
C. W. Kim∗ and J. Song†
Department of Physics and Astronomy
The Johns Hopkins University
Baltimore, MD 21218, U.S.A.
Abstract
We propose a scale-dependent cosmology in which the Robertson–Walker
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I. INTRODUCTION
The standard Friedmann cosmology based on the Cosmological Principle (or equivalently
the Robertson–Walker metric) and the Einstein equation have been very successful in de-
scribing the Hot Big Bang Model of the Universe. The present Universe, however, is not
as simple as the Universe once was in the early epoch. The matter distribution that we
observe now is no longer homogeneous. (Recall homogeneity of the Universe is one of the
two ingredients of the Cosmological Principle, the other being isotropy of the Universe.)
That is, the homogeneous and isotropic Universe, as described by the Robertson–Walker
metric, has evolved in time into the present inhomogeneous Universe with galaxies, clus-
ters, superclusters and other large scale structures. This means that in spite of its success,
the standard model is not suitable, at least in its original form, for describing the present
Universe with various structures, except perhaps the global behavior of the visible Universe
as a whole. This has motivated us to modify the standard model in order to describe the
present inhomogeneous Universe.
First, since both the observed microwave background radiation and the matter density
distribution appear almost isotropic to us at present epoch, the isotropy of the Cosmo-
logical Principle appears to be valid even at the present epoch. Hence, in order to suc-
cessfully describe the present Universe, the homogeneity assumption may be modified or
relaxed. Furthermore, recent measurements of the Hubble constant, H0, using NGC 4571
[1] (distance=14.9±1.2 Mpc) and M100 [2](distance=17.1±1.8 Mpc) in the Virgo cluster
and the type Ia supernovae [3], and their implied ages of the Universe have become a sub-
ject of heated controversy. In addition to the disagreement among the measurements, the
major problem is that the age of the Universe predicted by the use of the larger value of H0
from NGC 4571 (H0 = 87 ± 7 Km/secMpc) or from M100 (H0 ≃80 Km/secMpc) and the
standard Friedmann cosmology with flat space becomes about half the measured ages of 14
to 18 Gyr for the oldest stars and globular clusters. Clearly, both the measurements and
the standard cosmology cannot be right.
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Another observational fact is that the observed matter density, when viewed as a function
of the cosmic scale is definitely not a constant, at least up to several hundred Mpc, not in
accord with the standard cosmology prediction. Instead it is an increasing function of scale.
[4]
On the theoretical side, it has recently been suggested that the gravitational constant, G,
may be asymptotically free in the effective Asymptotically-Free-Higher-Derivative (AFHD)
quantum gravity [5]. (Some implications on the content of dark matter in the Milky Way and
the Universe as well as on the evolution of the Universe have been discussed in the past by
various authors [6] .) Although the running of G is due to the quantum effects at the Planck
mass scale, it was suggested in Ref.[7] that the running of G may be prominent in very large
distance scales beyond 1 Kpc. This puzzling aspect is not satisfactorily understood, to say
the least, at present. For this presumed asymptotically-free behavior, see, for example, figure
2 in [7] and figure 1 of [8]. On the other hand, a new scale-dependent cosmology in which
the Hubble constant, matter density and the present age of the Universe all became scale-
dependent was recently proposed by relaxing the Cosmological Principle and generalizing
the Einstein equation to accommodate the scale-dependence [9].
In this paper, we present a detailed study of the scale-dependent cosmology proposed
in [9]. The plan of our paper is as follows. In section II, we present in detail the mo-
tivation for relaxing the Cosmological Principle and give a rationale for generalizing the
Einstein equation so that the scale-dependence can be accommodated. Their consequences
and comparison with the standard Friedmann cosmology are given in section III. Section
IV is devoted to subtle features of the new metric such as necessity of keeping the pres-
sure and the momentum density non-vanishing throughout even in the matter-dominated
era. The behavior of the density, pressure and momentum density in this cosmology as
functions of time t and coordinate parameter r, and several possible cosmological scenarios
are discussed in section V. Section VI is devoted to some cosmological consequences of this
model, including how expansion rate, mass density and the age of the Universe depend on
the scale parameter r. In this section, we also discuss the meaning of the scale-dependence,
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in particular, what quantities are observable or physical, and the nature of a constraint on
the two parameters, time t, and coordinate parameter r when actual observations are made.
A summary and discussions are given in section VII.
II. MODIFICATION OF THE COSMOLOGICAL PRINCIPLE
The Cosmological Principle states that the Universe is isotropic and homogeneous to any
observer in the Universe at any given time. If the Universe is isotropic to every observer, it
is also homogeneous [10]. For two observers who are separated by a comoving scale vector
~r0, isotropy means
ρ(r) = ρ(~r) = ρ(~r + ~r0) . (1)
Since Eq.(1) holds for an arbitrary ~r0, ρ(r) has to be a constant. That is, the Universe is
homogeneous. It is to be emphasized that the strict sense of the Cosmological Principle can
only be satisfied by a Universe in which the energy-momentum tensor takes the form of a
perfect fluid, given by
T µν = (ρ+ p)uµuν − pgµν , (2)
where uµ is a velocity four-vector with the components
u0 = 1 , ui = 0 ( i = 1, 2, 3 ) , (3)
and ρ and p are the energy density and pressure, respectively [10]. In a Universe consisting
of a perfect fluid, therefore, the momentum density, T0i, must vanish.
The Universe, however, has not been, strictly speaking, homogeneous ever since the
density fluctuations were created during the inflation in the very early epoch. At the present
epoch, galaxies are not uniformly distributed over the Universe. Rather, galaxies tend to
cluster and many clusters are again gravitated to form superclusters. Moreover, based
on the observation [4], the mass density appears to increase with the cosmic scale. We,
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therefore, wish to find a proper metric which approximately describes this complex Universe
and accommodates the observed increase of the energy density as a function of scale.
To this end, we make the first ansatz that the Universe is described by the metric
dτ 2 = dt2 − R2(t, r)(dr2 + r2dΩ2) , (4)
where R(r, t) is the generalized scale factor which depends on r as well as on t. This
metric manifestly violates homogeneity in the Cosmological Principle so that each observer
sees different Universe. As in the case of the Schwartzschild metric, there is a special
observer to whom the Universe is perfectly isotropic. We may or may not be this special
observer. However, since the observed cosmic microwave background radiation and mass
density (proportional to Ω0) look almost isotropic to us, we cannot be too far from this
observer. In this paper, for mathematical simplicity, we take our position as the origin of
the coordinate system. A similar view of our location in the Universe (albeit the return of
the pre-Copernican notion) was proposed by Linde et. al. in a paper “Do we live in the
center of the world ?” [11].
Now that the metric is specified, the dynamics of the Universe is governed by the Einstein
equation. Since the metric in Eq.(4) introduces the r-dependence in the Einstein tensors
which appear on the left-hand side of the Einstein equation, the right-hand side proportional
to GTµν has to be modified so as to accommodate the r-dependence. In any gravitational ex-
periments, G cannot be measured separately from the energy-momentum tensor. Therefore
we propose that the Einstein equation be generalized as
Rµν − 1
2
gµνR = −8π[GT µν ](r, t) , (5)
implying
[GT µν ];ν = 0, (6)
where the semicolon denotes a covariant derivative. This is our second ansatz. In Eq.(5),
we have explicitly written down the r and t dependence of GTµν . Moreover, Tµν cannot be
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the energy-momentum tensor of a perfect fluid. Of course, we should recover the Einstein
equation in the limit of r → 0 because G becomes the Newton’s gravitational constant, GN ,
when r = 0 and at present epoch t = t0.
III. CONSEQUENCES OF THE GENERALIZED ROBERTSON–WALKER
METRIC AND EINSTEIN EQUATION
Having generalized both the Robertson–Walker metric and the Einstein equation, we
now proceed to discuss their consequences. When the non-vanishing elements of Ricci tensor
calculated from Eq.(4) are substituted into the generalized Einstein equation in Eq.(5), we
obtain the following non-vanishing components :
3
R˙2(t, r)
R2(t, r)
− 2R
′′(t, r)
R3(t, r)
+
R′2(t, r)
R4(t, r)
− 4 R
′(t, r)
rR3(t, r)
= 8π[Gρ] (7)
2
R¨(t, r)
R(t, r)
+
R˙2(t, r)
R2(t, r)
− R
′2(t, r)
R4(t, r)
− 2 R
′(t, r)
rR3(t, r)
= −8π[Gpr] (8)
2
R¨(t, r)
R(t, r)
+
R˙2(t, r)
R2(t, r)
− R
′′(t, r)
R3(t, r)
+
R′2(t, r)
R4(t, r)
− R
′(t, r)
rR3(t, r)
= −8π[Gpθ] (9)
2
R¨(t, r)
R(t, r)
+
R˙2(t, r)
R2(t, r)
− R
′′(t, r)
R3(t, r)
+
R′2(t, r)
R4(t, r)
− R
′(t, r)
rR3(t, r)
= −8π[Gpϕ] (10)
where dots and primes denote, respectively, derivatives with respect to t and r. Another
non-vanishing Ricci tensor R01 yields
R01 = 2
(
R˙′(t, r)
R(t, r)
− R˙(t, r)R
′(t, r)
R2(t, r)
)
= −8π[GT01] . (11)
We keep T01 to be finite as will be explained below. In addition, even in the matter-
dominated era, a finite pressure must be kept throughout. The detailed discussion on the
role of non-zero pressure and T01 is given in the section IV. We emphasize here that when the
r dependence is simply dropped (i.e., R′ = R′′ = 0 ) and pr = pθ = pϕ = p in Eqs.(7)–(11),
the Friedmann equations for k=0 are recovered.
Before we proceed, we make a brief comment on the previous works on the scale-
dependent cosmology. History of scale-dependent cosmology dates back to as early as 1930’s.
6
In order to study the gravitational evolution of large structures such as clusters, the scale-
dependent cosmology was discussed independently by Lemaitre, Dingle and Tolman [12].
They considered an inhomogeneous but isotropic Universe as in our case. However, our
model differs from theirs in a very significant way. They all assumed zero pressure and zero
radial momentum density with a non-vanishing cosmological constant. As we will discuss in
the following section, the vanishing pressure or T01 in our metric given in Eq.(4) leads to the
factorization of the scale factor, R(r, t), as a(t)S(r), in which case the Robertson–Walker
metric is recovered. In order to avoid this factorization, Lemaitre, Dingle and Tolman
introduced two different scale factors for the radial and angular parts in the metric, i.e.,
dτ 2 = dt2 − [R21(r, t)dr2 + R22(r, t)dΩ2]. In this case, however, the expansion rates at differ-
ent scales were dictated by different cosmological models (see [13] for an excellent review.)
without being counter-balanced by changing pressure and radial momentum density. Fur-
thermore, in their model, again due to the absence of p, there appears a tidal field. In our
case, however, different expansion rates at different scales are counter-balanced by changing
energy density and non-zero pressure. More recent study is typified by the work of Dyer and
Roeder [14] in which inhomogeneity was treated as fluctuation to the standard cosmology.
Even though pr appears to be different from that of pθ(= pφ) as can be seen from Eqs. (8)
and (9), we shall set them equal to each other. This is justified from the vanishing of spatial
off-diagonal components of the Einstein tensors which are proportional to energy-momentum
tensors, implying no shear force. Unless pr = pθ, we have non-vanishing r − θ shear force
proportional to T12, which is zero, leading to a contradiction. Under the assumption that
pr = pθ = pϕ = p, therefore, we find a constraint on R(t, r) from Eqs.(8) and (9), given by
R′′(t, r)
R3(r, t)
− 2R
′(t, r)2
R4(t, r)
− R
′(t, r)
rR3(r, t)
= 0 . (12)
Let us rewrite Eq.(12) as
R′′(t, r)
R′(t, r)
− 2R
′(t, r)
R(t, r)
=
1
r
, (13)
which can now easily be integrated, yielding
R(t, r) =
a(t)
1−
[
1+b(t)
4
]
r2
, (14)
where a(t) and b(t) are integration constants of the r integration, i.e., arbitrary functions of
t alone. We have chosen the definition of b(t) for later convenience. Moreover, we emphasize
here again that at least in the matter-dominated Universe where scale-dependent mass
density is expected, b(t) cannot be a constant; otherwise, R(t, r) is factored out. Suppose
that [1 + b]/4 is a constant, κ, then our metric is reduced to
dτ 2 = dt2 − a2(t)
[
dr2
(1− κr2)2 +
r2
(1− κr2)2dΩ
]
. (15)
Setting r¯ = r/(1− κr2) leads to
dτ 2 = dt2 − a2(t)
[
dr¯2
1 + 4κr¯2
+ r¯2dΩ
]
, (16)
which is the Robertson–Walker metric for κ equal to 0 or ±1/4, which cannot accommo-
date the scale-dependent mass density in the matter-dominated era. We, therefore, do not
consider the case of R(t, r) being factored out.
The form of R(t, r), Eq.(14), allows us to simplify the cosmological equations. When
Eq.(14) is substituted into Eq.(7), Eq.(7) becomes
[
R˙(t, r)
R(t, r)
]2
=
8π
3
[Gρ](t, r) +
1
a2(t)
+
b(t)
a2(t)
, (17)
and using Eq.(12), Eqs.(7) and (8) yield
R¨(t, r)
R(t, r)
= −4π
3
[Gρ+Gp] . (18)
Note that setting r = 0 in Eq.(17) would not reproduce the Friedmann equation with k = 0
because of the [1 + b(t)]/a2(t) term. Recall that we are not allowed to set r equal to zero
from the very beginning. Our metric in Eq.(4) can now be written as, with Eq.(14),
dτ 2 = dt2 −

 a(t)
1−
[
1+b(t)
4
]
r2


2
(dr2 + r2dΩ) . (19)
Note that the metric at r = 0 is ill-defined. (There does not even exist its inverse metric,
gµν . In the case of the Robertson–Walker metric, the open or closed Universe cannot be
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said to become flat one simply because they have the same behavior at r = 0.) The physical
meaning of Eq.(17) is as follows. As we have repeatedly mentioned, as r increases, i.e., as
we examine larger and larger scales, the present value of Gρ should increase, as suggested
by the observed increase of the matter density. As the proper cosmic distance grows at any
fixed time, the Gρ term also grows, whereas the [1 + b(t)]/a2(t) term remains fixed. Thus
the last two terms on the right-hand side in Eq.(17) become relatively small compared with
the Gρ term. This is the way we recover a flat Friedmann Universe at large distance.
IV. WHY WE NEED T 01 6= 0 AND P 6= 0.
A. Non-Vanishing T01
Although its numerical value at present epoch may not be large, the radial momentum
density, T01, plays a vital role in allowing matter to flow, due to gravity, into larger structures
so as to make the present Universe look like as it is and to make Ω0(r) an increasing function
of r. (Strictly speaking, neither T01 nor T
01 is the physical momentum density, which is
obvious from its dimension. This is because our metric is not orthonormal. Even though
√
T 01T01 is a physical one, the following discussion does not depend on this distinction.) In
addition, it also prevents R(t, r) from being factored out as a product of a(t) and S(r).
In order to demonstrate this, we start with Eq.(11) with the non-zero Ricci tensor, R01,
which has not been utilized so far. If we take T01 = 0 in Eq.(11), which is the case for a
perfect fluid (Eqs. (2) and (3)), then Eq.(11) forces R(t, r) to be indeed factored out, which
is of no interest to us as mentioned before. In order to see this, we use the following identity
R˙′
R
=
1
R
∂
∂r
(R
1
R
R˙) =
R′
R
R˙
R
+
∂
∂r
∂
∂t
lnR . (20)
Substituting Eq.(20) into Eq.(11) and setting T01 = 0 in Eq.(11), we find
∂
∂r
∂
∂t
lnR = 0 , (21)
which implies that R(r, t) must be in the form of a(t)S(r). Therefore, as we have repeatedly
mentioned, in order to describe the Universe as we see it now by using our new metric,
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it is necessary to have imperfect fluid with T01 6= 0, which allows matter to flow from
the originally almost homogeneous distribution to the present inhomogeneous distribution.
This very condition, T01 6= 0, also protects the form of R(t, r) as given in Eq.(15) from being
factored out.
Another reason why T01 should not be zero is as follows. The conservation of the new
energy-momentum tensor, GT µν , is expressed as
[GT νµ ] ;ν = [GT
µν
µ ] ,ν − Γσµν(GT νσ ) + Γννσ(GT σµ ) = 0 . (22)
The µ = 1 component of Eq.(22) with vanishing T01 becomes
0 = (GT ν1 );ν = (GT
ν
1 ),ν − Γσ1ν(GT νσ ) + Γννσ(GT σ1 ) (23)
Substituting T 11 = T
2
2 = T
3
3 = −p(r, t), Eq.(23) simply reduces to
(Gp)′ = 0 , (24)
which implies that Gp has no r dependence. Therefore, T01 = 0 imposes the constraint on
Gp that Gp be only time-dependent. If this were true, since G is conjectured here to have
an r dependence, this r dependence is miraculously cancelled by that of p, which is highly
unlikely. Hence, we must keep T01 in the new energy-momentum conservation equation in
Eq.(22) in order to obtain physically consistent results. We have demonstrated that the
non-vanishing of T01 is essential not only to prevent R(t, r) from being factored out but also
to keep the r dependence in Gp which is a characteristic of an imperfect fluid.
B. Non-Vanishing Pressure
As was discussed in the Ref. [9], the scale dependence of (Gρ) is essential in the matter-
dominated era in order to have the inhomogeneous matter distribution. In the standard
Friedmann Cosmology where the Universe is considered as consisting of a perfect fluid, the
pressure can be approximated to be zero in the matter-dominated era. This, however, is not
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the case in our new cosmology, at least for mathematical consistency. Let us examine the
consequence of setting the pressure equal to zero in our model.
First, recalling the general solution of R(r, t) in Eq.(14), we will show that b(t) becomes
a constant unless pr = pθ = pφ 6= 0. Supposing that all pressure terms are exactly zero, we
have, from Eq.(18),
R¨
R
+
4π
3
(Gρ) = 0 . (25)
Using the above equation, we can eliminate Gρ term in Eq.(17), yielding
2
R¨
R
+
(
R˙
R
)2
=
1
a2
+
b(t)
a2
. (26)
We now calculate the left-hand side of the above equation using Eq.(14) as
2
R¨
R
+ (
R˙
R
)2 =
1
a2(1−Br2)2{(2aa¨+ a˙
2)
+r2(6aa˙B˙ + 2a2B¨ − 2a˙2B − 4aa¨B)
+r4(2aa¨B2 + a˙2B2 + 5a2B˙2 − 2a2BB¨ − 6aa˙BB˙) }
≡ 1
a2(1−Br2)2{C0(t) + C2(t)r
2 + C4(t)r
4} , (27)
where B(t) denotes [1 + b(t)]/4 for simplicity. Equating the above expression to the right-
hand side of Eq.(26) which has no r-dependence, we find the following three conditions
2aa¨ + a˙2 = 4B
3aa˙B˙ + a2B¨ = 0
5a2B˙2 − 2a2BB¨ − 6aa˙BB˙ = 0 . (28)
The last two equations have a unique solution B˙ = b˙/4 = 0, implying that R(t, r) is factored
out as a(t)S(r). (The first equation is nothing but a Friedmann equation, if we take B(t)
to be 1/4.) Therefore, no matter how small they are compared with the mass density term
even in the matter-dominated era, it is essential to keep the pressure terms throughout, for
mathematical consistency.
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V. BEHAVIOR OF Gρ, GP AND GT01
We are now ready to discuss how the matter density, pressure and momentum density
behave in this new metric. We first note that the constraint on R(t, r) severely restricts the
behavior of Gρ, Gp and GT01 as functions of t and r. Substituting Eq.(14) into Eqs.(7), (8)
and (11), we obtain the following explicit expressions :
8π
3
Gρ =
(
a˙
a
)2
− 1
a2
− b
a2
+ 2
(
a˙
a
) b˙r2/4
1−
[
1+b
4
]
r2

+

 b˙r2/4
1−
[
1+b
4
]
r2


2
(29)
8πGp =
1
a2
− 2 a¨
a
−
(
a˙
a
)2
+
b
a2
−
(
6
a˙
a
+ 2
b¨
b˙
) b˙r2/4
1−
[
1+b
4
]
r2

− 5

 b˙r2/4
1−
[
1+b
4
]
r2


2
(30)
8πGT 01 =
b˙r
a2
, (31)
where a(t) and b(t) are completely arbitrary functions. Although we can take a(t) to be
positive because it becomes the scale factor at r ≃ 0, we defer the determination of the sign
of 1 + b(t).
Before we proceed to discuss physical constraint on a(t) and b(t), some comments on the
apparent singularity in Eq.(29) and (30) are in order. When [1+ b(t)] > 0, we encounter the
singularity in Gρ and Gp at r = 2/
√
1 + b. This singularity, however, is not a true singularity
but rather a spurious one, as in the case of r = 1 for the Robertson–Walker metric with k = 1
(Recall dτ 2 = dt2−R2(t)[ dr2
1−kr2
+ r2dΩ2].) Similarly, r = 2MG in the Schwartzschild metric
is not a true singularity although the factor 1/(1− 2GM) in front of dr2 becomes infinity at
this point. (One can transform away this infinity by a proper coordinate transformation.)
The position r = 2GM is in fact the horizon. The true singularity in the above two examples
is located where the spatial scalar curvature diverges, which is the case at R(t) = 0 or t = 0
in the Friedmann cosmology and at r = 0 in the Schwartzschild metric. In our metric, the
spatial curvature R(3) is given by
R(3) =
1
R2(t, r)
(
R′2(t, r)
R2(t, r)
− 2R
′(t, r)
rR(t, r)
)
(32)
= −1 + b(t)
a2(t)
,
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where we have used Eqs.(12) and (14). Therefore, R(3) is scale-independent and is always
finite except when a(t) = 0 at t = 0. That is, the singularity at r = 2/
√
1 + b is spurious
and we interpret this position as the horizon in our metric. The sign of the spatial scalar
curvature is, of course, determined by the sign of 1 + b(t).
Let us check if the energy-momentum conservation equation, Eq.(22), that consists of four
independent components, is satisfied by Eqs.(29)–(31). If not, it implies further constraint
on a(t) and b(t). Under the condition that the pressure is a function of r and t and T 11 =
T 22 = T
3
3 = −p(r, t), the two components for µ = 2 and µ = 3 in Eq.(22) are automatically
satisfied. Equation (22) for µ = 0 is
∂
∂t
[Gρ] + 3
R˙
R
[Gρ] +
∂
∂r
[GT 10 ] + (3
R′
R
+
2
r
)[GT 10 ] + 3
R˙
R
[Gp] = 0 , (33)
which is trivially satisfied when Gρ, Gp and GT01 given in Eqs.(29)–(31) are substituted,
implying self-consistency. For µ = 1, we have
− [Gp]′ + ∂
∂t
[GT 01 ] + 3
R˙
R
[GT 01 ] = 0 , (34)
which can be reproduced by taking r-derivative of Eq.(8). Therefore, the energy-momentum
conservation does not impose any new constraint on a(t) and b(t). This is in fact no surprise
since Eqs.(29)–(31) were obtained with the use of the Einstein equation which has the
energy-momentum conservation built into it. The evolution of the Universe is, therefore,
completely determined by the as-yet unknown two functions of t, a(t) and b(t). Of course,
if Gρ(t, r), Gp(t, r) and GT01(t, r) are known (or given), a(t) and b(t) are determined. As of
now, we lack this information except for the following physically plausible constraint based
on the expected behavior of the Universe.
In the very early epoch, we expect a homogeneous radiation-dominated Universe. (For
practical purposes, we can ignore the primordial density fluctuations here.) Therefore, before
the radiation-matter cross-over time, tco, we must have
b˙(t) ≃ 0 for t < tco , (35)
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which is required from the presumed homogeneity (r-independence) as can be seen in
Eq.(29). If the pressure is related to the mass density by 3p ≃ ρ in the radiation-dominated
era, we have, from Eqs.(29) and (30),
(
a˙
a
)2
− 1 + b
a2
≃ − a¨
a
for t < tco. (36)
Even though we do not have simple power-law (in t) expressions for a(t) and b(t) to explain
the entire history of the Universe (which is also the case of the closed or open Universe in
the Friedmann model), if we restrict our discussion to the very early epoch, we could try a(t)
in the form of tm. Since Eq.(35) implies a constant b(t) in the very early epoch, if m is less
than one, the first term on the left-hand side of Eq.(36), proportional to 1/t2, is dominant
over the second term in the early epoch. Therefore, the trial function, a(t) ∼ t 12 , as in the
Friedmann Cosmology in the radiation-dominant era, approximately satisfies Eq.(36). As
far as the early Universe is concerned, therefore, the evolution is almost identical to that
of the Friedmann Cosmology, if we impose b(t) to be a constant in the early epoch. This
is all we can say about a(t) and b(t) in the early Universe. We note that even the sign of
1 + b(t) remains undetermined since the behavior of the early Universe is insensitive to the
curvature term.
As the Universe evolves into the matter-dominated era, inhomogeneity starts to appear,
which is generated by b˙ 6= 0, as can be seen in Eqs.(29) and (31). Its physical origin can be
attributed, at least in our picture, to the non-zero radial momentum-density (see Eq.(31)).
Since we expect the mass density to increase with the scale in the matter-dominated era, as
is seen from the observation, we require that
b˙(t) > 0 for t≫ tco . (37)
Recalling that Gρ(t, r ≃ 0) = (a˙/a)2 − (1 + b)/a2, this increasing b(t) makes our local
neighborhood relatively less dense than in the case of the Friedmann cosmology with k = 0,
which is expected. Even though b(t) was completely arbitrary, the above plausible physical
assumptions allow us to classify its qualitative behavior into the following three cases, based
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on the possible singularity in R(t, r) depending on the sign of b(t). First, 1 + b(t) starts
from a non − negative constant and keeps increasing (case 1). Secondly, 1 + b(t) starts
from a negative constant, has an increasing period and finally converges to zero (case 2).
Finally, even though 1+ b(t) starts from a negative constant, it keeps increasing, eventually
becoming positive (case 3). Let us examine the cosmological consequences of each case.
1. In this case, as soon as b(t) starts growing, the horizon or a shell with apparently
infinite mass density appears at large scale ( at r = 2/
√
1 + b(t) as can be seen in
Eq.(29)), suggesting a picture in which our Universe is inside a bubble or cavity with
a wall with a very high mass density (or the event horizon). That is, in this case, b(t)
must remain zero in the early epoch and after the cross-over and recombination times,
it starts to grow. At this moment the horizon appears. Since b(t) is an increasing
function of t as the Universe evolves (see the denominator in Eq.(29)), the horizon
approaches us, located at or near the center of the Universe (r ≃ 0), with the velocity
proportional to
√
b˙(t)/[1 + b(t)]3/2. It is natural to expect that this incoming velocity
will decrease to zero eventually. That is, b(t) starts out at zero and remains so in
the early Universe and then it starts to grow and eventually flattens to be a constant
again. This picture can be made consistent with the absence of the measurements of
such a shell or wall, because it is always possible to push it outside the visible horizon
by properly choosing numerical values of b(t) at present epoch.
2. In this case, 1+ b(t) is always negative so that there exists no singularity in R(t, r). In
addition, the mass density converges to a finite value at any given time, as r becomes
large. Therefore, we have following overall picture of mass density in this case. In the
very early epoch, we have the homogeneous mass distribution. After tco, as b(t) starts
growing, Gρ decreases in time faster than in the standard Friedmann cosmology with
k = 0 in our neighborhood. At any given time, Gρ is an increasing function of scale,
converging to a certain value. Since b(t) is an increasing function, the limiting point,
rc, where the asymptotic limit is effectively reached, approaches us as time evolves (see
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the last term in Eq.(31)). And the asymptotic value of Gρ, at infinite r, decreases in
time as can be seen in Eq.(29).
In spite of its reasonable appearance, the case 2 has a serious defect. The Universe
was supposed to be flat (k = 0) and homogeneous in the very early epoch, and as b(t)
starts growing, the non-zero momentum density causes the mass to flow out from the
center of the Universe. Therefore, at present epoch, it is expected that the Universe is
locally open and a flat one is recovered at large r. In the case 2, however, the spatial
curvature factor, −[1 + b(t)]/a2(t) which is r-independent, is positive, implying the
close Universe. (Of course, since [1 + b(t)] goes to zero as t goes to infinity while a(t)
keeps increasing, the spatial curvature of the Universe eventually becomes zero in the
far future. From the observed increase of mass density with scale, if the case 2 is valid,
b(t) appears to be in the increasing phase, implying that our present Universe has a
positive curvature.) Regardless of this shortcoming, the case 2 is interesting in view
of its overall picture of the Universe.
3. This is a combination of case 1 and case 2 discussed above. At the instant [1 + b(t)]
changes its sign, the horizon appears at r = 2/
√
1 + b. However, there is very little
information, for example, on when the horizon appears. And in the case 3, we have
a Universe with varying curvature, while the signs of curvature in both case 1 and 2
do not change in time. That is, as the Universe evolves, the originally closed Universe
becomes open and eventually evolves into a flat one.
A final but very important comment in this section is on the behavior of the pressure.
Regardless of the sign of [1+b(t)] and b˙(t), the pressure p becomes negative beyond a certain
value of r, although it may be positive in our neighborhood. Physical origin of this behavior
can be traced back to the fact that the new metric allows a vacuum energy density or the
time-dependent cosmological constant. In a special case of b(t) ∼ a2(t), the last term in
Eq.(17) becomes a constant, mimicking the cosmological constant. Recently, cosmological
models with t-dependent Λ-term have been discussed by several authors [15] in an attempt
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to explain the dramatic discrepancy between the values of Λ from the current observation
(≤ 10−55cm−2) and from the particle physics expectation which is higher by a factor of about
10120. In these models, Λ decreases as the Universe evolves, since the vacuum energy was
necessary to create inflation and then particles. In our scale-dependent cosmology, however,
a term which plays the role of the time-dependent Λ-term is naturally generated by the
metric, whereas in Ref.[15] it was put by hand in the Einstein equation.
VI. COSMOLOGICAL CONSEQUENCES
In this section, we present some details on the scale-dependence of cosmological quan-
tities. Before we proceed, however, we must caution the reader that the scale-dependent
cosmological quantities such as H(t, r), H(t, r), Ω(t, r) to be discussed below are not observ-
able. Since they represent values at time t and at the coordinate parameter r, except the
values at t = t0 and r = 0 (i.e. present local value), observation of them cannot be made
by the conventional light propagation which has a finite speed. Observational (or physical)
interpretation of these quantities will be discussed at the end of this section.
First, the Universe is expanding with the characteristic scale factor, R(t, r). We begin
by noting that we can define two expansion rates. The first is the proper expansion rate
defined by
H(t, r) =
D˙(t, r)
D(t, r)
, (38)
where the proper distance D(t, r) is
D(t, r) ≡
∫ r
0
R(t, r′)dr′. (39)
The second is
H(t, r) ≡ R˙(t, r)
R(t, r)
, (40)
which we shall call the scale expansion rate for distinction and this is the one that appears
in our cosmological equation (Eq.(17)). From the explicit form of R(t, r) given in Eq.(14),
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we can obtain the exact expressions for H(t, r) and H(t, r) in terms of a(t) and b(t). First,
the proper expansion rate, H(r, t), is given by
H(t, r) =
(
a˙(t)
a(t)
− b˙(t)
2[1 + b(t)]
)
(41)
+
b˙(t)r/4
2
√
1 + b(t)[1 −
(
1+b(t)
4
)
r2]
1
tanh−1(
√
1 + b(t)r/2)
, for [1 + b(t)] > 0 ,
H(t, r) =
(
a˙(t)
a(t)
− b˙(t)
2[1 + b(t)]
)
(42)
− b˙(t)r/4
2
√
−([+b(t)][1−
(
1+b(t)
4
)
r2]
1
tan−1(
√
−[1 + b(t))]r/2)
, for [1 + b(t)] < 0 .
where for [1 + b(t)] > 0 we consider r only in the range of 0 < r
√
1 + b(t)/2 < 1, which is
inside the wall. The scale expansion rate, H(t, r), is simply given by
H(t, r) = a˙(t)
a(t)
+
b˙(t)r2/4
[1−
(
1+b(t)
4
)
r2]
. (43)
Since the third terms on the right-hand sides of Eqs.(41) and (42) both become b˙(t)/2[1+b(t)]
as r → 0, cancelling the second terms, the difference between H(t, r) and H(t, r) disappears
as r → 0, i.e.,
H(t, r ≃ 0) = H(t, r ≃ 0) = a˙(t)
a(t)
. (44)
The next question is whether the Universe has enough mass to be closed or not, which is
characterized by the mass density parameter Ω. In the Friedmann Cosmology, the present
value Ω is defined by the ratio of ρ0 and the critical density, ρc,s,
Ω0 =
ρ0
ρc,s
=
8πGNρ0/3
H20
, (45)
which is universal (independent of the locations) at any given time. Here and hereafter, the
subscript zero denotes a value evaluated at the present epoch. In our cosmology, since both
expansion rate and mass density are functions of r, the density parameter, Ω(t, r), is defined
by
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Ω(t, r) ≡ [Gρ](t, r)
[Gρ]c(t, r)
(46)
= 1− 1 + b(t)
a2(t)
1
H2(t, r) ,
where we defined [Gρ]c(t, r) asH2(t, r). Hence the observed local values of Ω(t, r ≃ 0) ≡ Ω(t)
andH(t, r ≃ 0) ≡ H(t) specify the value of [1+b(t)]/a2(t), which is [1−Ω(t)]H2(t). Equation
(46) can be rewritten as
Ω(t, r) = 1− [1− Ω(t)]

1 + (a
a˙
)
b˙r2/4
[1−
(
1+b
4
)
r2]


−1
. (47)
For 1 + b(t) > 0, Ω(t, r) approaches unity as r approaches 2/
√
1 + b(t). At any given time,
therefore, by setting Ω(t) to be less than one, we have the local open Universe. As we
approach the horizon, the mass density increases to make the Universe flat. It is to be
noted that Ω(t0, r) is indeed the present value of Ω as a function of r but there is no way to
measure this now! That is, H(t0, r), H(t0, r) and Ω(t0, r) are all unobservable quantities in
which t0 and r are independent.
We now discuss observational consequences of this scale-dependent cosmology. It is im-
portant to emphasize again that although t is the true cosmic time, the coordinate parameter
r is not a measurable quantity. Physical quantities such as redshift z, luminosity distance
dL, mass density ρ and so on are always measured via the light which travels with a finite
speed. In order to make connection with observational data, we must begin with and solve
the light-propagation equation or the null geodesic in this metric. It is given by Eq.(19)
with dτ = 0 as
dt = − a(t)
1−
[
1+b(t)
4
]
r2
dr (48)
where we consider radial propagation of signal (i.e. θ = φ = const.) and the minus sign is
taken so that r decreases as t increases. Equation(48) is a first order differential equation
whose boundary condition is r(t = t0) = 0. In the following, we mean by r(t0, t) the comoving
distance traveled by the light which departed from the source at time t and reaches us at
time t0, implying the boundary condition r(t0, t = t0) = 0. With given a(t) and b(t),
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therefore, the solution of the above differential equation yields r as a function of t for the
light ray which we observe. In the previous expressions for the mass density, expansion rate
and so on, r was an independent comoving coordinate. However, whenever one determines
a physical quantity by measurement, r is no longer an independent coordinate. That is,
physical quantities measured via the light propagation depend only on t, even though they
have explicit r-dependence in this cosmology.
Then, what is the meaning of the observed increase of Ω as we look further out? Whatever
signal we are getting right now contains information about the past in time. In the standard
cosmology, we deduce physical quantities at the present epoch by using the evolution law in
the standard cosmology. Measured are the red shift and Gρ(t), not Gρ(t0). For example,
in the matter dominated era of the Friedmann cosmology where the pressure is negligible,
Gρ is proportional to 1/S3(t). Here S(t) is the scale factor in the Friedmann cosmology
and S(t0)/S(t) is just 1 + z. In the framework of the Friedmann cosmology, the calculated
Gρ(t0) is the observed Gρ(t) times 1/(1 + z)
3. Hence, the observed Ωobs0 is
Ωobs ≡ Gρ
obs(t0)
Gρc,s
≡ Gρ(t, r(t0, t))
Gρc,s(1 + z)3
(49)
where ρc,s is the critical density in the standard cosmology.
Therefore, phenomenology of this scale-dependent cosmology depends crucially on the
solution of the light-ray equation in Eq.(48). Since in Eq.(48) the variables t and r cannot
be separated, it is, in general, non-trivial to get an analytical solution for r(t). Even for
numerical evaluations, we need functional forms of a(t) and b(t). First, we assume that b(t)
can be approximated by
b(t) = β2
(
t
t0
)n
. (50)
(We consider only case 1 because of the locally open Universe.) Secondly, Eqs.(29)–(31)
evaluated at r ≃ 0 imply that a(t) is more or less the scale factor of the locally open
Friedmann Universe. Therefore, it is reasonable to assume the followings properties of a(t)
2
a¨(t)
a(t)
+
[
a˙(t)
a(t)
]2
− 1
a2(t)
≃ 0 , (51)
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which is motivated by the vanishing pressure of the Friedmann cosmology in the matter-
dominated era. Solving Eq.(48) numerically with Eqs.(50) and (51), we can recast r(t), for
example, in the form of
r(t0, t) = δ[t
γ
0 − tγ ] , (52)
where δ and γ depend on the numerical values of Ω0, β, n and so on. The form of r(t0, t)
in Eq.(52) was motivated by the fact that setting γ = 1
3
in Eq.(52) yields the relationship
between t and r in the Friedmann cosmology with k = 0. Recalling the meaning of r(t0, t)
as discussed below Eq.(48), r(t0, t) is equal to r(t0 + ∆t0, t + ∆t) for two successive wave
crests emitted by a light source at r. From this equality we obtain a relationship between z
and t as
1 + z ≡ ∆t0
∆t
=
(
t
t0
)γ−1
. (53)
Substituting the above into Eq.(52), we find
r(t0, z) =
δ
α
[1− (1 + z) γγ−1 ] . (54)
With Eqs.(53) and (54), Ωobs can be expressed in terms of the measurable red-shift. Finally,
in order to extract physically meaningful expansion rates, we need to know the relationship
between the luminosity distance, dL, and z and r. With this relation and Eq.(54), we can
obtain a modified Hubble’s law which can be confronted with the observation. Unfortunately,
however, because of the complexity of our metric, we have so far been unable to derive such a
relationship but in principle such a relation can be obtained. The actual derivation is beyond
the scope of this paper and it will be given elsewhere. The only physically meaningful result
of this scale-dependent cosmology that can be derived at the moment is the age of the
Universe. We will discuss it in the following section.
VII. THE AGE OF THE UNIVERSE
In the standard Friedmann cosmology, often called the two-parameter model, the present
age of the Universe, t0, is uniquely determined by, for example, H0 and Ω0. The well-known
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expression for t0, valid for Ω0 ∼ 1, is
t0 ≡
∫ R(t0)
0
dR(t)
R˙(t)
≃ 1
H0
1
1 + 1
2
Ω0
. (55)
Since H0 and Ω0 are scale-independent, the age t0 is location-independent.
In the scale-dependent cosmology under consideration here, we have an additional pa-
rameter r in all cosmological equations. Hence, if any cosmological equation evaluated at
present epoch is solved for t0, it naturally becomes a function of r as well as H0(r) and Ω0(r)
(or the local values H0 and Ω0 and r), i.e., it appears that the present age of the Universe
depends on where we measure it. The value t0(r ≃ 0) ≡ t0 is the local age of the Universe
as well as the true cosmic age, appropriate for comparison with the age of the oldest stars
and globular clusters in our Milky Way.
When a(t) and b(t) in Eq.(17) or Eq.(29) are known functions of t, then for example,
first setting t = t0 in Eq.(29) and solving it for t0 with use of the definitions of H0 and Ω0,
we can, in principle, obtain
t0(r) = f(H0,Ω0, r) , (56)
where f(H0 , Ω0, r) is known when a(t) and b(t) are given. In the Friedmann cosmology
with k = 0, this procedure indeed yields the well-known result, t0 = 2/3H0. The true
age of the Universe is given by t0(r = 0) = f(H0,Ω0, r = 0). Since the light propagation
constraint on r is yet to be imposed, the age t0(r) represents the present age of the Universe
at r, which can be measured only in the future. Unfortunately, however, a(t) and b(t) are
presently unknown so that f remains unknown. In order to further elucidate the scale-
dependent (or location-dependent) nature of the age of the Universe, we make the following
crude approximations. As in the case of the Friedmann cosmology, we assume that the time
duration of the matter-dominated era up to now approximately represents the present age
so that in the energy-momentum conservation equation, Eq.(33), the terms involving Gρ
are dominant over those with Gp and GT01 for small r as far as time-evolution is concerned.
Even though Gp has a finite value at r ≃ 0, the assumption in Eq.(51) and a proper choice of
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b(t) can make it smaller than Gρ. (Admittedly, this is a poor approximation in our model,
but it serves as a working approximation in order to obtain a crude estimate.) We then
have, from Eq.(33),
Gρ ∼ 1 + δ(r)
R3(t, r)
. (57)
The additional r-dependence denoted by δ(r) represents the correction to the standard
result. Defining, for a fixed value of r, Eq.(17) can now be written with the definition,
x ≡ R(t, r)
R(t0, r)
, (58)
as
x˙ =
√√√√8π
3
Gρ(t, r)x2 +
x2[1 + b(t)]
a2(t)
. (59)
Further assuming that the t-dependence of x is not very different from that of a2(t)/[1+b(t)]
(since we integrate from 0 to 1 for x and the Gρx2 term is proportional to 1/x, the calculation
of the age is not sensitive to the last term in the square root and the approximations used),
we obtain, from Eqs.(57) and (59),
t0(r) ≃ 1
H0
∫ 1
0
√
xdx√
Ω0(1 + δ(r)) + x(1− Ω0)
. (60)
Setting δ(r) = 0 in Eq.(62) reproduces the age of the open Universe with Ω0 < 1 in the
Friedmann cosmology. It is to be emphasized that the true age of the Universe is determined
by Ω0, not by the global value of Ω0. Since we expect δ(r) to be an increasing function of r
to be consistent with an increasing Ω0(r), t0(r) is a decreasing function of r. The true age
at r ≃ 0 (δ(r ≃ 0) = 0) is given by
t0 ≃ 0.9
H0
= 18 Gyr for H0 = 50 Km/secMpc , (61)
where we have used Ω0 = 0.1. The above age can easily accommodate the observed ages,
14∼18 Gyr of the oldest stars and globular clusters in our galaxy.
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VIII. SUMMARY AND CONCLUSIONS
We have proposed in this article a cosmological model which accommodates isotropic
but inhomogeneous matter distributions as observed in the present Universe, at least up to
scales of several hundred Mpc. In order to be consistent with this scale-dependence in the
metric which was motivated by the present inhomogeneous matter distribution, the Ein-
stein equation was also generalized in such a way that the energy-momentum tensor is also
scale-dependent. The scale-dependence of the gravitational constant, G, was independently
suggested by the effective AFHD quantum gravity theory.
We have shown that the form of our metric severely constrains the functional dependence
of the scale factor, R(t, r), under a reasonable assumption that pr = pθ. In particular, it
was shown that the new metric specifies the r-dependence of R(t, r). In contrast to the
standard Friedmann cosmology, in which it is perfectly allowed to neglect the pressure and
the momentum density compared with the matter density ρ in the matter dominated era,
it is essential, in our model, to keep p and T01, even in the matter-dominated era, as non-
vanishing (no matter how small they are) for mathematical consistency. (They can be
negligible, at least in our local neighborhood, compared with the matter density for physical
applications.) Otherwise, the t and r dependence is factorized and the standard model is
recovered.
In this model, due to the nature of the metric, quantities such as ρ, p and T01 are
completely determined by two functions of t, a(t) and b(t). Or, equivalently, knowledge of
ρ, p and T01 determines a(t) and b(t). The function a(t) resembles the scale factor in the
standard cosmology and b(t) controls the curvature and the inhomogeneity of the matter
distribution. When 1 + b(t) is positive, there emerges a horizon at r = 2/
√
1 + b(t) in this
metric whose location changes in time. In addition, in spite of the absence of the cosmological
constant in the Einstein equation, a term which mimics the cosmological constant appears
and it is also t-dependent. (In a special case, it becomes a constant.) Because of this, the
pressure can be negative in this metric. We have demonstrated that by properly adjusting
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the unknown but free b(t) in this metric, we can reproduce, at least qualitatively, the gross
behavior of the Universe from the early epoch to the present epoch.
The r-dependence introduced in this metric manifests itself in the r-dependence of the
expansion rate, H0, Ω0 and the age of the present Universe. Of course, these quantities are
not directly measurable. Instead, physical quantities must be reduced from observables, such
as red shifts, z, luminosity distance, dL, and so on. One of unfortunate features of our metric
is that the light propagation equation, which provides such relationships among various
observable quantities, cannot, in general, be integrated out to provide this vital information
in analytical forms. However, the scale-dependence may significantly modify the standard
relations in the Friedmann cosmology, in particular, for large z. (For small distance up to,
say, of order of 100 Mpc, the standard relationships hold with minor modifications of the
r-dependence.)
The local age of the present Universe, which is the true age of the Universe in this model,
is given in terms of the local density and expansion rate, but with a caveat that the local
expansion rate is not well defined and thus unmeasurable. This can only be inferred from
the observed H0 at various distances. In our metric (with b˙(t) > 0), the expansion rate and
the density are increasing functions of the distance scale. The scale-dependent feature is
similar to the running of the physical coupling constant such as the fine structure constant,
the strong coupling constant and so on. The values of these constants depend on what
energy scale one measures them.
So far in this paper, we have studied a generalization of the Robertson–Walker metric by
dropping the homogeneity. It would be interesting to investigate other possible modification
of the Robertson–Walker metric. The metric studied here is by no means unique. Also, it
is clear that further study on new dynamics or new constraint is necessary to determine the
behavior of the a(t) and b(t). Study of quantitative modifications of the standard Hubble
law, for example, due to the running of H0, Ω0, and t0, and the derivation of dL as a function
of z and r are under way and will be reported elsewhere.
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